Production of low-p T (soft) hadronic particles in high energy collisions constitutes a significant corner of special interests and problems, as the perturbative quantum chromodynamics (pQCD) does not work in this region. We have probed here into the nature of the light particle production in two symmetric nuclear collisions at two neighbouring energies with the help of two non-standard models. The results are found to be in good agreement with data. Despite this, as the models applied here are not intended to provide deep insights into the actual physical processes involved in such collisions, the phenomenological bounds and constraints which cannot be remedied for the present continue to exist.
Introduction
Multiple production of hadrons at high energies, named also multiparticle production phenomena, is still not at all a well-understood sector. In general, the largest bulk of the particles produced in nature, called secondaries, is detected to be of the small transverse momenta, though in arranged laboratory collisions at colliders (inclusive of LHC) the particles are, in the main, detected with and reported for large transverse momenta. The theoretical studies based on the standard model(SM) of particle interaction are grounded on an artificial division between 'soft'(low-p T ) and 'hard'(largep T ) regions. The latter wherein the perturbative techniques are applied is called Perturbative Quantum Chromodynamics (pQCD); and the former wherein perturbation theory fails is termed non-perturbative domain. And most of the particles in nature as well as in laboratory collisions fall under this non-perturbative sector, for whom there is no widely acceptable general theory [1] . Our interest in the present work is focussed on particle production at low-p T valued P b + P b interaction at relatively lower SPS energies. The prime object of this paper is to study the p T -dependence of the invariant cross-sections for main vaieties of hadron secondaries with the help of one or two models which do not typically fall under the Standard variety and which will be outlined in the next section. The main species (like kaon, pion, proton) of the secondaries here are pions, kaons and proton-antiproton produced in both lead-lead interactions at √ S N N =17.3GeV and E lab =20A, 30A, 40AGeV and Au+Au reactions at RHIC at √ S N N =19.6GeV.
In our approach we would try (i) to demolish the artifact of soft-hard division and try to apply a unified outlook by treating the production of particles on a uniform footing.
(ii) to check whether the outlook of the divide between the exponentialisation and the power-law nature based on the artificial soft-hard boundary is of any real merit or worth and in probing this point we have been spurred on to by a very recent report published by Busza [2] with emphasis on the first lesson to be learnt from PHOBOS Collaboration that there is no anomalous production of low-p T (Soft) particles at RHIC; (iii) to study how the nature of p T -scaling in the particle production scenario manifests itself in the extreme case of low-p T and the relatively lower side of the high energy domain i.e., at SPS region.
The work to be reported here aims at putting a strong question-mark to the time honoured contention of the large bulk of the high energy physicists that the data on 'soft' collisions could be described by the exponential models; the power laws are applicable for explaining the data on 'hard' collisions. In fact, in this work we have contested this view and have attempted at showing that power laws could be applied almost universally.
The organisation of the work is as follows. In Section-2 we present a brief outline of the very simple theoretical frameworks. The Section-3 embodies the results of the work in graphical plots, and tables which show up the used values of the parameters. In Section-4 we have discussed in detail the very minute points that worked in arriving at the desired results and had provided answers to some anticipatory and probable questions from the readers. The last section offers precisely the summary and outlook.
Outlines of the Theoretical Framework
This section is divided into subsections comprising the (i) Power-law-based p T -scaling Model (also named Hagedorn Model) and (ii) The Combinational Approach, both of which are very much in use in recent times by some of us
Hagedorn Model : Essentially a Power Law with p T -scaling
Our objective here is to study the inclusive p T -spectra of the various secondaries of main varieties produced in pp collisions. The kinematics of an inclusive reaction h a h b −→hX is described by Lorentz invariants. These are e.g. the center-of-mass energy squared s = (P a +P b ) 2 , the transverse momentum transverse (squared) t = (P h -P a ) 2 and the missing mass M X , where M X is the mass of the undetected components that are produced in the reaction process, denoted by 'X' in h a h b −→hX.
It is common to introduce the dimensionless variables (u = M X 2 -s-t),
where s,t,u are called Mandelstam variables. These variables are related to the rapidity y and radial scaling factor, x R of the observed hadron by
Since most of existing data are at y = 0 where x R = x T = 2p T / √ s and | − − → p cm | is just the magnitude of the three momentum in c.m. system, one often refers to the scaling of the invariant cross section as "x T scaling". For y =0, we find the variable x R more useful than x T , since x R allows a smooth matching of inclusive and exclusive reactions in the limit x R −→ 1.
We will assume that at high p T , the inclusive cross section takes a factorized form. And one such a factorized form was given by Back et al [3] .
where n and p 0 are adjustable parameters. The values of the exponent n are just numbers. p 0 is to be viewed as a energy-band dependent critical value of the transverse momentum within the low-p T limits and is introduced for the sake of making the term within the parenthesis dimensionless, thus lending the expression within the parenthesis a scaling form with p T /p 0 , called p T -scaling.
With the simplest recasting of form the above expression (4) and with replacements like p T =x, p 0 =q, C = a normalisation factor, and in the light of the definitions of the inclusive cross-sections, we get the following form as the final working formula
Combinational Approach : De-Bhattacharyya Model
The combinational approach outlines a method for arriving at the results to be obtained on some observables measured in particle-nucleus or nucleus-nucleus interactions at high energies from those obtained for the basic nucleon-nucleon (or proton-proton) collision. And the results for nucleonnucleon interactions are based on power-law fits which are assumed to be physically understood somewhat fairly in the light of both thermal model and/or pQCD-related phenomenology. So, essentially this represents a notional combination of power law model for pp reactions and the the introduction of some mass number-dependent product term signifying the nuclear effects on invariant cross-sections, from which the name 'Combinational Approach' is derived. And this notional combination subsumes the property of factorization which is one of the cardinal principles in the domain of particle physics.
The expression for the transverse momentum-dependence of the inclusive cross-section for sec-ondary particle, Q, produced in nucleus-nucleus(AB) collisions is given by [4] - [7] E d 3 σ dp
Where A and B on the right-hand side of the above equation stand for the mass numbers of two colliding nuclei; the term, E d 3 σ dp 3 | pp→QX is the inclusive cross section for production of the same secondary,Q,in pp or pp collision at the same (center-of-mass) c.m. energy.
The nature of (p T )-dependence of the inclusive cross-section term, E d 3 σ dp 3 | pp→QX , occurring in eqn. (1) , for production of a Q-species in pp/pp reactions at high energies is taken here in the form of a power-law as was initially suggested by G.Arnison et al. [8] :
Where C 1 is the normalization constant; and p 0 and n are two interaction-dependent parameters for which the values are to be obtained by fitting the pp and pp data at various energies. Of course, such a power-law form was applied to understand the nature of the transverse momentum spectra of the pion secondaries by some other authors [9] - [12] as well.
Hence including eqn. (7) and a parametrization for the factor, f (p T ), into eqn. (6), the final working formula is given by [4] - [7] E d 3 σ dp 3 | AB→QX ≈ C(AB)
Where C,α and β are constants and have to be determined by fitting the measured data on (p T )-spectra for production of charged hadrons in nucleus-nucleus collisions at high energies. Some sort of physical interpretations for α and β are given in some of our previous works [5] , [6] .
A useful way [3] , [13] to compare the spectra from nucleus-nucleus collisions to those from nucleonnucleon collisions is to scale the normalized pp (or pp)spectrum (assuming the value of inelastic pp cross-section, σ pp inel ≈ 41 mb) by the number of binary collisions, N coll , corresponding to the centrality cuts applied to the nucleus-nucleus spectra and construct the ratio. This ratio is called the nuclear modification factor, R AB , which is to be expressed in the form
It is to be noted here that both the numerator and the denominator of equation (9) contain a term of the form (1 + p T p 0 ) −n which gives the p T -dependence of the hadronic-spectra produced in basic (pp/pp)collision. And as the other terms like, N coll , σ pp inel are constants for a specific interaction at a definite energy and fixed centrality, we can obtain by combining eqn. (8) and (9) the final expression for the ratio value in the following form :
The above steps provide the operational aspects of the combinational approach (CA). But, this approach outlines a method for arriving at the result to be obtained on some observables measured in particle-nucleus or nucleus-nucleus interactions at high energies from those obtained exclusively for only the basic nucleon-nucleon (or proton-proton)collision.And results for nucleon-nucleon collisions are based on power-law form (eqn. (7)) which is supposed here to be fairly physically understood in the light of both thermal model and/or pQCD-related phenomenology. Besides, if the data sets on a specific observable are measured in pp reactions at five or six different high energies at reasonably distant intervals, the pure parameter-effects on p 0 and n could be considerably reduced and we may build up a methodology for arriving at p 0 and n values at any other different energy by drawing the graphical plots of p 0 versus √ S and n versus √ S curves, as are done in some of our previous works [4] , [5] . And on this supposition of availability of data in PP reactions at certain intervals of energy values, the number of arbitrary parameters for NA or AA collisions is reduced to only three which offer us quite a handy, useful and economical tool to understand the various aspects of the data characteristics.
The p 0 and n values in eqn. (7) represent the contributions from basic NN (PP OR pp) collision at a particular energy. The values of p 0 and n are to be obtained from the expressions and plots shown in the work of De et al [4] , [5] . The relevant expressions are
The values of the parameters a, a ′ , b and b ′ for different secondaries are taken from Ref. [7] . The empirically proposed nature of the plots based on eqn. (11) and eqn. (12) against the data-sets, have also been presented for π ± , K ± and p ± production separately in a subsequent section (Section 4).
Results
In order to attain the comparability of the results obtained at various energies, we have, at the very beginning, converted all the relevant energies (with laboratory energies) into the c.m. system. And they have been presented in a tabular form as is given in Table 1 (4) and (7). The parameter values used to obtain the model-based plots are shown in Table- Table- 3.
The plots presented in Fig.(2c) for proton-antiproton production in lead-lead interaction at SPS energies, specifically at 17.3 GeV and the corresponding parameters are depicted in Table- Table-10 and Table- 
General Discussion and Some Specific Points
By all indications, the results manifested in the measured data on the specific observables chosen here are broadly consistent with both the approaches put into work here. This is modestly true of even the nature of charge-ratios which provide virtually a cross-check of the models utilised here. Of course, at this point let us make some comments on our model-based plots, especially the plots on the charge-ratios . This is not very surprising in the sense that the De-Bhattacharyya phenomenology (DBP) through a parametrization is also essentially a power law model with a bare A-dependence, while in the pure power law model any of the chosen parameters absorb the nuclear-dependence. Still, the DBP-model inducts some physical postulates which are as follows :(i) It is assumed that the inclusive cross section of any particle in a nucleus-nucleus (AB) collision can be obtained from the production of the same in nucleon-nucleon collisions by multiplying by a product of the atomic numbers of each of the colliding nuclei raised to a particular function, ǫ(y, p T ), which at first is unspecified (Equation 6), (ii) Secondly, we have accepted that factorization [14] of the function ǫ(y, p T ) = f (y)g(p T ) which helps us to perform the integral over p T in a relatively simpler manner, (iii) Finally, we have based on the ansatz that the function f(y) can be modeled by a quadratic function with the parameters α and β (Equation 10). They are to be tested in the high energy experiments of the future generations. Besides, the present DBPbased approach to deal with the data advances a systematic methodical approach in which the main parameters could be determined and ascertained, if and only if, measured laboratory data of higher accuracy and precision are available at different energies in a regular and successive interval.
So, the lack of predictivity of the used two models is caused only by the circumstances, i.e. the lack of measured data at the successive and needed intervals ; the problem can be remedied by supplying the necessary and reliable data from the arranged laboratory experiments at high -to -very high energies. However, the problem of constraining the parameters still remains. The other observations are : as is expected for two symmetric collisions of neighbouring values of mass numbers at very close energies, the measured data do not reveal any significant differences with respect to the observables chosen by the experimental groups. This work demonstrates somewhat convincingly that the power law models can easily take care of data even for very low-p T (soft) collisions; so the notion of compartmentalisation between the possible applicability of the power law models and of the exponential models is only superficial. Besides, the power law models which establish them as more general ones obtain a clear edge over the exponential models. Reliable data on various other related observables are necessary for definitive final conclusions. By all indications, the experimentally observed nature of p T -scaling is found to remain valid even in the studied low-p T range of this paper. The deeper physical implications of this work have implicity been pointed out in the last two paragraphs of the Section 1 of this work, wherein we made very clear and categorical statements on our intentions, purposes and the prime objectives. So, in order to avoid repetitions, we refrain ourselves here very carefully from commiting a rehash of the same.
However, let us now try to pinpoint below some physical points and considerations which provide the necessary underpinning of the power law models.
The wide and near successful applications of the various forms of power laws have, by now, grown almost universal in almost all the branches of physics as well as in other branches of sciences. Speaking in the most general and scientific terms, the processes which are complex, violent and dissipative contributing to the non-equilibrium phenomena do generally subscribe to the power laws. The used power law behaviors are commonly believed to be the "manifestations of the dy-namics of complex systems whose striking feature is of showing universal laws characterized by exponents in scale invariant distributions that happen to be basically independent of the details in the microscopic dynamics [15] ". Now let us revert from the general to the particular case(s) of high energy particle-particle, particle-nucleus or nucleus collisions. For purely hadronic, hadronuclear or nuclear interactions one of the basic features is : irrespective of the initial state, agitations caused by the impinging projectile (be it a parton or a particle/nucleon) generate system effects of producing avalanches of new kind of partons [called quark(s)/gluon(s)/any other(s)] which form an open dissipative system. The avalanches caused by production of excessive number of new partons give rise to the well-known phenomenon of jettiness of particle production processes and of cascadisation of the particle production processes leading to the fractality as was shown in a paper by Sarcevic [16] . These cascades are self-organizing, self-similar and do just have the fractal behavior. Driven by the physical impacts of these well-established factors, in the high energy collision processes do crop up the several power-laws. And how such power laws do evolve from exponential origins or roots is taken care of by the induction of Tsallis entropy [17] and a generalisation of Gibbs-Boltzmann statistics for long-range and multifractal processes. Following Sarcevic [16] the relationship between/among cascadisation, self-similarity and fractality is/was evinced in a paper [18] by a set of the present authors. In this paper we have, once more, tried to examine the worth and utility of such power laws as have been advocated here.
In the data-plots of Fig. 3(a) we observe some differences between the trends of WA98 data and the others. But it is to be noted that the data in WA98 experiment is for the observation of neutral pions, whereas our plot is intended to be one of the charged varieties of pions, e.g., π + detected at the experimental energy 17.3 GeV in c.m. system; besides, the STAR data was measured at 19.6 GeV (c.m.). This apart, in the WA98 experiment the observable along the Y-axis was just E d 3 σ dp 3 , whereas for the others the Y-axis was described to be The differences in the magnitudes of the π + plots in the invariant cross section between various data-sets might be a cumulative effect of all the above-mentioned factors.
Quite spectacularly, in fig. 3(d) for production of K − , the differences between the data-points measured by WA98 and the rest are surely non-negligible. So the existence of discrepancy to a certain degree cannot be denied altogether.
However, one must note that the observable plotted as ordinate in the WA98 experiment is a bit different from the others, where does occur a term, denoted by N evt related with both statistical and systematic uncertainties, though the uncertainties in all other cases (i.e., for non-WA98) the errors are only statistical. Our guess is : the twin factors of systematic uncertainties and the separate y-observable [in the WA98] along the ordinate are responsible for introducing such differences as are shown in data-plot of Fig. 3(d) . The reason(s) might be something else as well.
We observe that the data points on invariant cross-sections for production of protons show relatively much slower fall with m T (p T ) than the other prime varieties of hadrons. Thus one might have doubts on the accuracy of data-measurements and recordings for protons. If this is too unlikely to be the case, we guess that in the detection/measurement process the part of the 'leading' protons has disguised themselves and appeared as the product proton-particles enhancing protonic invariant cross-section for which the fall in the invariant cross-section with m T is much less. Uptil now, this explanation is certainly just tentative.
In the end, one more comment is in order. Quite knowingly, we have used here the usual binned χ 2 -method with the attending limitations of this approach to check the goodness-of-fit of our results to the data, as unbinned multivariate goodness-of-fit tests [19] have not yet gained much ground in the High Energy Physics (HEP) sector.
Concluding Remarks
Let us we present here very precisely the main conclusions of this work. Firstly, for these limited sets of data on production of soft particles in high energy collisions which have, so far, defied explanation, we have attempted to provide two alternative theoretical/phenomenological approaches for their interpretation in modestly successful manners. Secondly, in fact, these two approaches conceptually and inwardly are somewhat interlinked, for which limited successes of both of them are not very surprising. Thirdly, power law models are seen to act much better here than all other models; besides, they are much more general than the others. Fourthly, the applications of power law models are quite widespread in the different fields of physics in particular and of science in general, for which active interests in investigating the origin of these power laws have been aroused. And this has, so far, given rise to, in the main, two parallel streams of thought, of which one is the cascadisation phenomena and fractal mechanisms; and the other is the science of nonequilibrium phenomena that are generally probed by applying the Tsallis entropy and Tsallis statistics [20] .
Confirmation of such multiple educated guesses can be made only by further dedicated researches in these fields.
At last, in response to what we learn very precisely from this work we submit the following few points: (i) Our unquestioned belief in and reliance on the Standard Model(SM) have, so far, been virtually 'regimented', for which we fail to think of any other avenues and accept the singularity and uniqueness phenomena of the SM as taken for granted. (ii) In the sphere of surely very limited sets of data we explore and assess here the potential of two alternative models in explaining the observed data. (iii) And as we have succeeded in our attempts to a considerable extent, in our opinion, these two models dealt herewith could in future be viewed and projected as possible alternative approaches to explain the nature of observed and measured data-sets on 'soft' production of particle in high energy collisions. Table 2 : Numerical values of the fit parameters of power law equation for P b + P b Collisions.
Beam Energy P roducts c q(GeV /c) n Table 7 : Numerical values of the fit parameters for negative pion, positive and negative kaon, proton and antiproton using DBP Model for P b + P b collisions at 40A GeV.
Beam Energy P roducts c α β Table 8 : Numerical values of the fit parameters for negative pion, positive and negative kaon, proton and antiproton using Power Law Model for P b + P b collisions at 40A GeV.
Beam Energy P roducts c q(GeV /c) n Table 10 : Numerical values of the fit parameters for pion, kaon, proton and antiproton using Power Law Model for Au + Au collisions at 19.6GeV for 0-10% centrality.
Beam Energy P roducts c q(GeV /c) n Table 11 : Numerical values of the fit parameters for pion, kaon, proton and antiproton using DBP Model for Au + Au collisions at 19.6GeV for 0-10% centrality.
Beam Energy P roducts c α β (11) and (12) .
